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1. Graph three vectors @, b and ¢, such that

(a) @ =20 and © =30

(b) @ = b + €, where b and ¢ are not parallel:

(c) @ = b — @, where b and ¢ are not parallel:
b C
a
) @=b+7Cand b -¢=0



b a
2. Consider the vectors
@ = 3i+j-2k
Y o= —2—3j—2k
T = —6i—2j+4k
d = —1+2)
T = i—j+k
T o= —2i—1j+3k
7 = 3i—j7—2k
() @+ 00 =37+ -2k -27-3] —2k=1-27 —4%
(b) @ b =3(=2)+1(=3) + (—2)(=2) = —6 —3+4 = —5
(©) @ x T = (U=2) — (~2)(=3) T +(~2(~2) ~3(=2) T + (3(~3) — L(=2))
=(-2-6)7 +(4+6)j +(-9+2)k =-87 +105 -7k
(d) 82 (= d) = =3((=6)(—1) + (—2)(2) + 4(0)) = —3- 2= —6
(e) 3_}?—2_}?4—_}?:37—37+3?+47+27—6k 67 —27 +4%
737+ &
(£) [IT]] = V/(=6)? + (-2)2 + 42 = /56
(2) 11271l = 120 7|l = 12/(2 & (—1)? + 37) = 12V/T4
(h) @+¢=37+7-2k—-6i—-27+4k =-37 —17 +2k
(@+72)-d=(=3)(-1)+(-1)2)+(2)0) =3-2=1
) D-d=-27-37-2k—-—7i+2j=—7-55 —2F%
(b —d)x @ =((=5)(~2) - (-2(1) T +((-2)B3) - (—1><—2>> g7
F((-D)(1) = (=5)B) k = (104+2) T +(—6—2)) T+(~1+15)) k =127 87 +14 %
G) —(Ixa@)=-axb=-8i+10] —Tk
(k) @ and ? are not parallel to each other, since they are not scalar multiples of each other.
(1) @ and ¢ are parallel to each other, since @ = —27@
(m) b and f are not perpendicular, since b - 7 =1#0.
(n) @ and @ are perpendicular to €, since @ - € =7 -¢€ = 0.
(o) The unit vector in direction of @ is w = % Therefore a vector with length 10
parallel to € can be found as 10@ = mll?ll = fo



(p)

If A = —1, then @ = —27 and therefore they are parallel. @ and ¢ are perpendicular,
if ©-7¢ =0. This implies —18 + 2\ — 8 = 0 and therefore A\ = 13.

The length of € is || €] = /12 + (-1)2 + 12 = V3.
"d and the z-axis enclose the angle 0 = arctan% = 63°. Graphing "d then shows that
the angle between 'd and the positive z-axis is 180° — 63° = 117°.

- b
ﬁ—arccos
1@ 0o VIV =

The angle between @ and D can be found as = arccos

108.9°.
The equation of the plane perpendicular to @ and passing through the point (1,2, 1) is
(x—1)—(y—2)+(z—1)=0.
The equation of the plane perpendicular to b and passing through the point (2,2,0) is
—2(x—2)—-3(y—2)—2(z—0)=0.
The area of the parallelogram with edges @ and d is H X 7“ Consider thic

@ x d = (1)(0) ~ (~2)(2)) T + (=2)(~1) ~ (8)(0)) T+ ($)(2) ~ ()(~1) F =
= (0+4) i +(2+0)) T4+ 6+1) K =47 +27 +7k to get
1T x d|| = V42 +22 + 72 = V69.
The volume of the parallelpiped with edges @, D and @ e is |(
determinant method to compute this quantity I get |(@ x b )€ |

x ) - €. Using the
|—9—2—4—6—6+2| =

@

25.
A vector perpendicular to @ and €is @ X € = i —5j — 4% . A unit vector in the
same direction is 7@ = —&X€_ = L (7 —57 —4%)

@xe| ~ Va2 J :

3. Consider the points P = (1,2,3), Q = (3,1,4) and R = (2,5,6). I will denote the vectors
from the origin to one of these points with 7', 7 and 7 respectively.

) P=7T-7=0B-1)7T4+01-27+@A-3k =27 -7 +k.

The distance between P and @ is just the length of the vector m:
IPQll = V2 + (-1)?+ 12 = V6.
Consider that Q4R> = TP—7=(2-3)T+(-1)7+(6-4)Fk = — 7 44 +2% . Then the

cosine of the angle PQR at vertex Q) can be found as cos ZPQR @ = 74
Hmuncﬁu VBvaL

The angle between PQ and QR is ZPQR = arccos = 110.9°.

\/éxﬁ
The area of the triangle PQR is half of the area of the parallelogram spanned by_}]@
and Cﬁ Therefore A ;||]@ X CﬁH Consider that ]@ X Cﬁ =67 — 57 +7k to
get A = \/ + 72 = 4V/110.

H@H =

HQ H—f
|PR|| = |PG + QR|| =

There are several ways to solve this problem:

e Taking b = PQ as the base of the triangle PQR the distance from R to the line
through P and @ is just the height A of the triangle. Since the area of the triangle

has to satisfy both A = %b‘h and A = % 110, it follows with b = /6 that h = ,/%.




8.

. The third vector P_g has to be chosen such that P_”{ + P_’Q) + f73)

e If one decomposes the vector PR into two vectors, one parallel to m and one
perpendicular to m, then the distance between R and the line through P and
Q@ is just the length of the perpendicular vector. In this problem the PR can be
decomposed into P—R)H = %7 — %7 + %? and P—R)L = %7 + %7 + %? and hence

IPRL|| = /1§
e Instead of PR also Q—R) could be decomposed.

(h) A vector perpendicular to a plane containing P, @ and R is in particular perpendicul_a)r
— —
to the vectors P@ and Q§ and hence one such vector is P@ X Q—R) =—6¢ —5j5 +7k.

A unit vector in the same direction is W = Hllzjxg i = % (P(j X Q_R>> =067 —
X
057 +0.7k.

(i) An equation of the plane passing through the three points P, @ and R is —6(x — 1) —
5y —2)+7(z—3)=0.

ﬁ .

Since F 4+ Fh = 4i + 37 — 2k + 2i + 3k = 6i + 37 + k this yields Fy = —6i — 37 — k.

. In order to find the wind speed in direction of the dash, I need to find the component of w

that is parallel to ¥
Con81der that H_’H = /32 4+ 42 = 5. Therefore a unit vector in the same direction as ¥ is

18_>

o 5z+ 7. ThenW”—(W )T =(2-246-3)u0 =20 =1 +24j This yields

||| = ﬁ (%) 90 = /36 = 6. Therefore the wind in direction of the dash
exceeds the permltted Wlnd speed.

. In order to show, that P and ¢ are orthogonal, I need to show that P’ - ¢ = 0. Consider

that - ¢ =7 (T —Y)=7 T — P -y =5—5=0. This proves the claim.

A vector ¥ parallel to the line of intersection of the two planes © —2(y — 1) +3(2 +2) =0
and 2(x — 1) 4+ (y + 1) — 2(z — 1) = 0 has to be perpendicular to the normal vectors of both
planes. Let 7 be a vector normal to the first plane and 73 a vector normal to the second
plane. Then i = i — 27 + 3% and 3 = 27 + T - 2% . A vector perpendicular to both
77 and 713 is the vector iy x 3 =41 +6 + k +4%k —371 427 = i +87 +5k. Hence
a vector parallel to the intersection of the two planes is T = T+ 87 +5%.

(a) [e *dax:

e Substitution: w = —x

° d—“’——l:dw-—dw

ofe Tdr = [e¥(—dw) = — [eYdw=—-e"+C =—-e "+ C
b) fxe_“”2 x



e Substitution: w = —z2

dw _ _ 1
o 0= 2r = dx = dew

o [z dx = [z (—)dw = —1 [e¥dw = —1e¥ + C = —%e*‘fz +C
¢) [4ze 4 du:

e Substitution: w = —4z2
° %:—8x:>dx:—8%dw
. f4xe_4x2dx = [dze(—L)dw = —3 [e¥dw = —1e¥ + C = —%6_4“72 +C
5 2z
(d) er% dz:

e Substitution: w = 1 + **
° %’ =2e* = dx = 262Idw
fmdr = [ 5 dw =3 [ fdw=3Infw|+C = §In[1 + e[+ O =
=2In(l+e*)+C
(e) [ md:)ﬁ
e Substitution: w =e* 4+ a

o W — v = dy = Ldw
ofﬁdefwzezdw_fﬁdw:_%_i_cv:_ﬁ_kc
) [ sinze?s2dy:
e Substitution: w = 2cosx
o Zq“; = —2sinz = dr = 725in1}dw
° fsinme%oswdx — fsin:er(—gsilnx)dw = —% [ evdw = —%ew +C = _%eQCOSJ? LC

) [ sin6(cos @ + 2)3db:

e Substitution: w = cosf + 2

° %’:—sin&:d&z— L dw

sin 6
o [sinf(cosd +2)3d = [ sinfw3(—
=—1(cos0+2)1+C

(h) [ St

ettt
e Substitution: w = ef + ¢

o ¢l +1=dt = Fqduw

'fii%dt f€$16t+1dW—f dw—ln\w\—f—c ]n‘et_i'_ﬂ_i_c

f 1+2e2$
\/17—&—621

e Substitution: w = z + e2*
. %:1+262’3:>d:c:

)dw——fwgdw——f—i-C:

sin 6

1
Toeze dw
2x 2z
o [ g o [ gy = [ Ldw =202 +C = 2/a kP +C
() [ Ss=da:
e Substitution: w =e* + e~ *
° %:ew—e*x:daﬁz#dw

T_e—T

o fzzlz_zdx—jﬁ%ez_e_zdw—f dw=In|w|+C=Inle* +e %4+ C =
=In(e*+e*)+C




(k) [ =459 Asin 0do:
e Substitution: w = —Acosf
o M= Asing = df = 1ydw
o [ e~ 489 Agin §dl = J e“b‘lsin@ﬁdw = [eYdw=¢€"+C = e~Acost L ¢

) fj%da:
e Substitution: w =2 +1
. ‘fl—l: =1=dr=dw
e rx=w-—1
o [ e = TG = [ (G ) d =5 Vi =7 ] G =
= 5U T O = WY 14+ O = R+ )2 - a1+ C
a) [ze *du:
o u(z)=u=x, v(r)=e"
e = u(x)=1, v(z)=—€"

o [ze®dr=a(—e")— [(—e®)de=—ze* + [eTdr =xe " —e " +C
b) [t costdt:
o u(t) =t, v'(t) =cost
e = U/ (t) =1, v(t) =sint
o [tcostdt =tsint — [sintdt = tsint + cost + C
) [ Inzdaz:

e u(z)=Inz, v'(z)=
o = u(x) = %, v(x)
e [23Inzdr = (Inx)

e) [2z%sinzda:

u(z) = 222, V'(z) =sinz

= u/(x) = 4z, v(x) = —cosx

[ 22%sinxdx = 22%(— cosz) — [ 4x(— cos z)dx

4

3
1
T
1
2t — [La3de = Lot lne — [2%dz = j2tlnz — 323 4+ C

PN,

Another partial integratlon is necessary to find [ 4z(— cosz)dz.
U(z) = -4z, V'(z) = cosx
= U'(x) = -4, V(z) =sinz
| 4z coszdr = —4xsinx — [ —4sinzdr = —4xsinz + 4 [sinzdr = —4zsinz —
4cosx 4+ C
o = [22?sinxdr = 22%(—cosx) + 4wsinz + 4cosz + C
f) [2cos?® tdt:
e u(t) =2cost, V'(t) = cost
e = u/(t) = —2sint, v(t) =sint



o [2cos’tdt =2costsint — [(—2sint)sintdt = 2costsint + 2 [ sin® tdt =
=2costsint +2 [(1 — cos®t)dt = 2costsint + 2 [ 1dt — 2 [ cos? tdt =
= 2costsint + 2t + 2C — [ 2cos? tdt

e The original integral reappeared. Solving for [ 2 cos? tdt now yields: [2 cos? tdt =
costsint +t+ C

) [2(Inz)?dz:

u(r) =2(Inz)?, v'(z) =1

e = u(z)=4lnzi v(z) =1z

[2(Inz)%dz = 2(Inz)’xr — [4lnzledr = 2z(Inz)? — 4 [Inzde

Using the result from problem (c) this yields: [2(Inz)?dz = 2z(Inz)? — 4(zlnz —
z)+C

f 48 _dt:
o u(t)=t+8, v'(t)=(4—1t)"1/?
e = u/(t)=1, v(t) = —(412;)21/2 = —2(4—1)!/?
o [T dt= —2(t48)(4—t)1/2— [ —2(4—t)1/2dt = —2(t+8)(4—1)/2 42 [(4—t)'/2dt =

=2t +8)(4—1t)"/2 + 2% +C=-20t+8)(4-t)/2+ 4412+ C
i) [2°cos(z®)dx:
e This problem needs to be solved in two steps: first it needs to be simplified using
an appropriate substitution, then integration by parts can be applied.

° Substitution w =3
dx W — 322 = dr = 12dw
o [°cos(z3)dx = fx%cosw)ﬁdw =1 [23 coswdw = L [ wcoswdw
e Integration by parts:

— u(w) = w, v'(t) = cosw

- =d(w) =1, v(w) = sinw

— [ 2% cos(a®)dx = L [wcoswdw = éwsinw — 1 [sinwdw =

= %wsinw - %( cosw) +C = 3wsmw + 3 cosw + C

3sin(23) + § cos(z?) +C

e Resubstition: [ 2° cos(23)dz = wsinw+ % cosw+C = 1z
) JIn(1+¢)dt:
e This problem needs to be solved in two steps: first it needs to be simplified using
integration by parts, then it can be solved using an appropiate substitution.
e u(t)=In(1+1t), v/(t) =1
o = u/(t) = %H’ v(t) =t
o [In(1+t)dt =In(1+1t)t — [ t5tdt
° f %_tht:
— Substitution w=1+t
— dx =1=dzr=dw
—t=w-1
— f%ﬂtdt:fidw:f%dw:f(l—%)dw:w—lnhu]—i-C:
=1l+t—In|l1+¢t+C



o [In(1+t)dt =In(1+t)t— [tdt =In(1+t)t —1—t+In(1+1t)+C
k) [ arcsintdt:

e This problem needs to be solved in two steps: first it needs to be simplified using
integration by parts, then it can be solved using an appropiate substitution.
e u(t) = arcsint, v'(t) =1

o = u(t) = e, v(t) =t
o [arcsintdt = (arcsint)t — [ Aztdt = (arcsint)t — [ Lzdt
o [ \/ﬁdt

— Substitution: w = 1 — ¢

— B = 9t = dt = —Jfdw

- f\/lt_?dt:fﬁ(—%)dw— Qf\fdw_ %u{/z +C0=
=yJw+C=+vV1-t2+C
° f arcsin tdt = (arcsint)t f - t2 = (arcsint)t — V1 —t2+C

10. Let f be twice differentiable with f(1) = 2, f(2) = 5, f/(1) = 1 and f/(2) = 3. Setting

11.

ugx) =z, v (z) = f"(x) ylelds v () =1 and v(z) = f/'(z) and hence:

JLaf @) de = af (@) =[] f(@)de = af (@) R—f @) = -2 =1 (1) =(f(2)=F(1)) =
=6-1-5+2=2

(a)fmdm:
.(i%?§:x2+ L= 1=A@-3)+B(x—2) = 1=2(A+B)+(-34-2B)
+B=0and —34A—-2B =1.
0A+B:0:>A:—
e 34A-2B=1=3B—-2B=1=B=1=A=-—
o [ eoede = — [ 7adr+ [ Fgde = —Injz - 2[+ Injz - 3]+ C

(b) [ Figgda:

« =iy =1 % S r+1l=A@x+2)+Br=a+1=2(A+B)+24=
A+ B=1and 24 =

e 2A=1= A=

e A+B=1=B=1.

* fxgi;xdx 2f dl‘ fx+2d$_ 11D|l"—|— 1111‘33‘—{—2‘—}-0

©) | wmtede:

= N

o % = %+ﬁ+x—i3 = 8z —42? = A(r—1)(z+2)+ B(z+3)+C(x—1)?

= 8r —4a? = A(2> + 2 —2)+ Bz + 3B+ C(2? — 2x + 1)
= 8v—4z? = 2?(A+C)+x(A+B—-2C)—2A+3B+C = —4 = A+C,8 = A+B-2C
and 0 = —2A+ 3B + C.

o 4=A+C=>A=-4-C

e 8=A+B-20=8=-4-C+B-2C0=-4+B-3C= B=12+3C.

¢ 0=-24+43B+C = 0=—-2(1=C)+3(12+3C) +C = ~8+20+36+9C +C =

284120 = C=-2 = -1



o = A=—4— C:—é B:12+3C:12—7:5.

‘f ST 4§+3 = 3fx 1d$+5f 2d$ 7f%+3d$:
—gln|x—1|+5(w_11) —%1n\x+3\—|—0——71n|x—1\—5——71n|x+3|+C'
z2—2z—1
(@) | ey &
z2—2¢+1 T
e A=At = — 20— § = (Av 4 B)(x - 3) + C(a” + 1)

= 222z — % = A2’ —3Ax+ Bz —3B+C2?+C = 2?(A+C)+2(—34A+B)—-3B+C
= 1_A+C —2=-3A+Band £ = -3B+C.

e l=A+C=A=1-C

e 2=-3A+B=-31-C)+B=-3+3C+B=B=1-3C.

e l=-3B+C=1=-31-3C)+C=-3+10C = C=1

e =>A=1-C=2%2B=1-3C=0.

T 73x+—
.f(2+1)( *)dl'_gfoJrld +3fx3 (fw2+1d +f7d$)
e To determine [ mdw integration by substitution is necessary:
- Substitution w=x2+1
- d:c Y =2r = dr = 1dw
—fxgildx f%f;mdw—f Ldw=mw|+C=h=?+1)+C
. Pluggmg this into the above expression yields:

f@)’%dm =1(n(2?+1)+Injz-3|)+C

4_9..3
fx 2:1: +x 1d.73

@ |

C e . 4_ 9.3 0 2(x2-2 -1
e Long division yields: &—2to=1 — = (e — 362);3[: =22+

. :fwgldm—fxzdx—i—f xz 12)da:— = + [ xx 12)d3:

— 2 z—1
:1:2 2x ="+ z(z—2)

e To integrate (‘T 5 the method of partial fractions needs to be applied:
- =44 B s a1 =A@-2)+Br=2(A+B)-24= A+ B=1,
-1 =-2A.
- —-1=-24= A=
—A+B—1:B 3

- iy = fci+2fxfm—IMh$+”Mx—ﬂ+C
° Plugglng this into the above expression yields:

TR =+ [ gityde = %+ Jlnja] + jlnfr — 2]+ C.
(f) [ =gda
¢ = oo —ra T = 1= Al@+2) + Bz -2) = Az + 24+ Br —2B =

—2(A+B)+24-2B= A+B=0,2A—-2B=1
A+B=0= A=-B

©24-2B=1= —-4B=1=B=—3=> A=}
1 11 11
* = ;2o 4_1? irt2
o [Sde=7[t5de— ] [le+2de={In|z—2/—jIn|z+2[+C
)frt_xzdx:



=44 B = 3=A(x—4)+Br=1x(A+B) 44

e A+B=0=B=-3
o =

:
o [imdr=1%[

xT
dv—3 [1lz —4dz = 3In|z| — 2In|z — 4|+ C

h) [ 20221425 —3x—1 ..

z2—-2z+1
e Long division yields:
5_0g44a3-3z—1 _ z3(z?—22+1)-32—1 _ 23— Bzl 3 3zl
z2—2z+1 - x2—2z+1 - z2—2z+1 (z—1)2
* — j‘ z —Qxe -i;cj;ldx 1d1‘ _ f:c?’daf _ f (3x+12dx _ ﬁ _ f (?m-i—)l2 dzr.
e To integrate (3x+)12 the method of partial fractions needs to be applied:
— (iﬂfjl)g = A + Goe )2 =3r+1=A(x—-1)+B=Ax—- A+ B

- = A=3, —A+B—1=>B—4
—f3“"1:f daj+f 2dac-31n|ac—1| 411 +C
. Pluggmg this into the above expression yields:

2z 423 —3x—1 4 3x+1 _ ozt 1
f—x ;”222“:” dr = I—f(xxjpdaz—%—3ln|$—1|+4ﬁ+0

10



